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                                                                                                                    UNIT I 

INTRODUCTION 

Algorithm is a step-by-step procedure, which defines a set of instructions to 
be executed in a certain order to get the desired output. Algorithms are 

generally created independent of underlying languages, i.e. an algorithm can 
be implemented in more than one programming language. 

From the data structure point of view, following are some important 

categories of algorithms − 

• Search − Algorithm to search an item in a data structure. 
• Sort − Algorithm to sort items in a certain order. 

• Insert − Algorithm to insert item in a data structure. 
• Update − Algorithm to update an existing item in a data structure. 
• Delete − Algorithm to delete an existing item from a data structure. 

Characteristics of an Algorithm 

Not all procedures can be called an algorithm. An algorithm should have the 

following characteristics − 

• Unambiguous − Algorithm should be clear and unambiguous. Each of its 
steps and their inputs/outputs should be clear and must lead to only one 

meaning. 
• Input − An algorithm should have 0 or more well-defined inputs. 

• Output − An algorithm should have 1 or more well-defined outputs, and 
should match the desired output. 

• Finiteness − Algorithms must terminate after a finite number of steps. 
• Feasibility − Should be feasible with the available resources. 

• Independent − An algorithm should have step-by-step directions, which 
should be independent of any programming code. 



Example 

Let's try to learn algorithm-writing by using an example. 

Problem − Design an algorithm to add two numbers and display the result. 

step 1 − START 

step 2 − declare three integers a, b & c 

step 3 − define values of a & b 

step 4 − add values of a & b 

step 5 − store output of step 4 to c 

step 6 − print c 

step 7 − STOP 

Algorithms tell the programmers how to code the program. Alternatively, the 

algorithm can be written as − 

step 1 − START ADD 

step 2 − get values of a & b 

step 3 − c ← a + b 

step 4 − display c 

step 5 – STOP 

 

Algorithm Complexity 

Suppose X is an algorithm and n is the size of input data, the time and 
space used by the algorithm X are the two main factors, which decide the 
efficiency of X. 

• Time Factor − Time is measured by counting the number of key 
operations such as comparisons in the sorting algorithm. 

• Space Factor − Space is measured by counting the maximum 

memory space required by the algorithm. 

The complexity of an algorithm f(n) gives the running time and/or the 
storage space required by the algorithm in terms of n as the size of input 

data. 

Space Complexity 

Space complexity of an algorithm represents the amount of memory space 
required by the algorithm in its life cycle. The space required by an 

algorithm is equal to the sum of the following two components − 

• A fixed part that is a space required to store certain data and 
variables, that are independent of the size of the problem. For 

example, simple variables and constants used, program size, etc. 



• A variable part is a space required by variables, whose size depends 
on the size of the problem. For example, dynamic memory allocation, 

recursion stack space, etc. 

Algorithm: SUM(A, B) 

Step 1 -  START 

Step 2 -  C ← A + B + 10 

Step 3 -  Stop 

Time Complexity 

Time complexity of an algorithm represents the amount of time required by 

the algorithm to run to completion. Time requirements can be defined as a 
numerical function T(n), where T(n) can be measured as the number of 
steps, provided each step consumes constant time. 

For example, addition of two n-bit integers takes n steps. Consequently, the 
total computational time is T(n) = c ∗ n, where c is the time taken for the 

addition of two bits. Here, we observe that T(n) grows linearly as the input 
size increases. 

Asymptotic Analysis 

Asymptotic analysis of an algorithm refers to defining the mathematical 

boundation      / framing of its run-time performance. Using asymptotic 
analysis, we can very well conclude the best case, average case, and worst 
case scenario of an algorithm. 

Asymptotic analysis is input bound i.e., if there's no input to the algorithm, it 
is concluded to work in a constant time. Other than the "input" all other 
factors are considered constant. 

Asymptotic analysis refers to computing the running time of any operation in 
mathematical units of computation. For example, the running time of one 
operation is computed as fnn and may be for another operation it is 

computed as g(n2). This means the first operation running time will increase 
linearly with the increase in n and the running time of the second operation 
will increase exponentially when n increases. Similarly, the running time of 

both operations will be nearly the same if n is significantly small. 

Usually, the time required by an algorithm falls under three types − 

• Best Case − Minimum time required for program execution. 

• Average Case − Average time required for program execution. 
• Worst Case − Maximum time required for program execution. 



Asymptotic Notations 

Following are the commonly used asymptotic notations to calculate the running time 

complexity of an algorithm. 

• Ο Notation 

• Ω Notation 

• θ Notation 

Big Oh Notation, Ο 

The notation Ο(n) is the formal way to express the upper bound of an 
algorithm's running time. It measures the worst case time complexity or the 

longest amount of time an algorithm can possibly take to complete. 

 

For example, for a function f(n) 

Ο(f(n)) = {g(n): there exists c > 0 and n0 such that f(n) ≤ c.g(n) for 

all n > n0.} 

 

Omega Notation, Ω 

The notation Ωnn is the formal way to express the lower bound of 

an algorithm's running time. It measures the best case time 



complexity or the best amount of time

 

an algorithm can possibly take to complete. 

For example, for a function f(n) 

Ω(f(n)) ≥ { g(n) : there exists c > 0 and n0 such that g(n) ≤ c.f(n) 

for all n > n0. } 

 

Theta Notation, θ 

The notation θnn is the formal way to express both the lower bound and the upper 

bound of an algorithm's running time. It is represented as follows – 

 

 

Common Asymptotic Notations 

Following is a list of some common asymptotic notations − 



constant − Ο(1) 

logarithmic − Ο(logn) 

linear − Ο(n) 

n log n − O(nlogn) 

quadratic − Ο(n2) 

cubic − Ο(n3) 

polynomial − No(1) 

exponential − 2n 

 

Summations and Analyzing Programs 

Often mathematical formulae require the addition of many variables. Summation or 

sigma notation is a convenient and simple form of shorthand used to give a concise 

expression for a sum of the values of a variable. A summation is simply the act or 

process of adding. 

Examples of summations: 

1. 1 + 2 + 3 + 4 + 5 = 15 
2. 2 + 2 + 2 + 2 = 8 

3. 3 + 6 + 9 = 3( 1 + 2 + 3) = 3(6) = 18 
4. 1+10 + 100 + 1000 = 100 + 101 + 102 + 103 = 1,111 

 



 

Here are some of the most commonly used formulas for summations used in 
computer science. 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

Recurrence Relations 

Suppose that T(n) represents the cost of performing an algorithm on a data 

set of size n. Often T(n), when originally constructed, will not be in some 

“closed form” representing a function of n, rather, it will be given in terms 

of one or more values of T(k) for values of k smaller than n. 

consider the following examples: 

 

 

 

The Iteration Method 
Establishing whether or not a given function represents a bound for a recurrence 

relation is one thing, but coming up with a reasonable bound is 



another. In the following material we will use the method of expanding a 

recurrence relation in order to arrive at a solution or a bound. To see how 

this method works, let’s consider again the recurrence relation given in 11. 

Suppose that n = 2p for some integer p. To expand the relation, we will start 
with n and work our way down, step by step, until a pattern can be seen. 
 

 

 

 

Next we will illustrate another expansion to solve the following recurrence relation. 

 

As was the case with the first expansion above, we will assume that n = 2p 



for some integer p. Then the expansion proceeds as follows. 

 

               

                 

Note that in each of the above expansions, we continued to apply the 

recurrence relation until a recognizable pattern was reached, and at that 

point we jumped all the way to the pth step. It would take an inductive 



argument to prove that such a jump is legitimate. To actually verify that 

the expressions we derived are solutions, one should really show by induction that 

the solution is valid for all powers 2p. The induction can be done on p. 

 

Set - Definition 

A set is an unordered collection of different elements. A set can be written 

explicitly by listing its elements using set bracket. If the order of the 
elements is changed or any element of a set is repeated, it does not make 
any changes in the set. 

Some Example of Sets 

• A set of all positive integers 
• A set of all the planets in the solar system 
• A set of all the states in India 

• A set of all the lowercase letters of the alphabet 

 

Representation of a Set 

Sets can be represented in two ways − 

• Roster or Tabular Form 

• Set Builder Notation 

Roster or Tabular Form 

The set is represented by listing all the elements comprising it. The elements 

are enclosed within braces and separated by commas. 

Example 1 − Set of vowels in English alphabet, A={a,e,i,o,u} 

Example 2 − Set of odd numbers less than 10, B = {1,3,5,7,9} 

Set Builder Notation 

The set is defined by specifying a property that elements of the set have in 
common. The set is described as A={x:p(x)} 

Example 1 − The set {a,e,i,o,u} is written as − 



A={x:x is a vowel in English alphabet} 

Example 2 − The set {1,3,5,7,9} is written as − 

B={x:1≤x<10 and (x%2)≠0} 

 If an element x is a member of any set S, it is denoted by x ∈S and if an 

element y is not a member of set S, it is denoted by y ∉S. 

Example − If S={1,1.2,1.7,2},1∈S but 1.5 ∉S 

Some Important Sets 

N − the set of all natural numbers = {1,2,3,4,.....}{1,2,3,4,.....} 

Z − the set of all integers 
= {.....,−3,−2,−1,0,1,2,3,.....}{.....,−3,−2,−1,0,1,2,3,.....} 

Z+ − the set of all positive integers 

Q − the set of all rational numbers 

R − the set of all real numbers 

W − the set of all whole numbers 

Types of Sets 

Sets can be classified into many types. Some of which are finite, infinite, 
subset, universal, proper, singleton set, etc. 

Finite Set 

A set which contains a definite number of elements is called a finite set. 

Example − S={x|x∈N and 70>x>50} 

Infinite Set 

A set which contains infinite number of elements is called an infinite set. 

Example − S={x|x∈N and x>10} 



Subset 

A set X is a subset of set Y if every element of X is an element of set Y. 

Example 1 − Let, X={1,2,3,4,5,6} and Y={1,2}. Here set Y is a 

subset of set X as all the elements of set Y is in set X. Hence, we 
can write Y⊆X 

Example 2 − Let, X={1,2,3}X={1,2,3} and Y={1,2,3}Y={1,2,3}. 
Here set Y is a subset Not a proper subset of set X as all the 

elements of set Y is in set X. Hence, we can write Y⊆X. 

Proper Subset 

The term “proper subset” can be defined as “subset of but not equal to”. A 

Set X is a proper subset of set Y if every element of X is an element of set Y 
and |X|<|Y| 

Example − Let, X={1,2,3,4,5,6} and Y={1,2}. Here 

set Y⊂XY⊂X since all elements in Y are contained in X too and X has 

at least one element is more than set Y. 

Universal Set 

It is a collection of all elements in a particular context or application. All the 
sets in that context or application are essentially subsets of this universal 

set. Universal sets are represented as U. 

Example − We may define U as the set of all animals on earth. In 
this case, set of all mammals is a subset of U, set of all fishes is a 

subset of U, set of all insects is a subset of U, and so on. 

Empty Set or Null Set 

An empty set contains no elements. It is denoted by ∅∅. As the number of 

elements in an empty set is finite, empty set is a finite set. The cardinality of 
empty set or null set is zero. 

Example − S={x|x∈N ,7<x<8}=∅ 

Singleton Set or Unit Set 

Singleton set or unit set contains only one element. A singleton set is 

denoted by {s}. 



Example − S={x|x∈N, 7<x<9}= {8} 

Equal Set 

If two sets contain the same elements they are said to be equal. 

Example − If A={1,2,6} and B={6,1,2}, they are equal as every 

element of set A is an element of set B and every element of set B is 
an element of set A. 

Equivalent Set 

If the cardinalities of two sets are same, they are called equivalent sets. 

Example − If A={1,2,6} and B={16,17,22}, they are equivalent as 
cardinality of A is equal to the cardinality of B. 
i.e. |A|=|B|=3|A|=|B|=3 

Overlapping Set 

Two sets that have at least one common element are called overlapping 

sets. 

In case of overlapping sets − 

• n(A∪B)=n(A)+n(B)−n(A∩B) 

• n(A∪B)=n(A−B)+n(B−A)+n(A∩B) 

• n(A)=n(A−B)+n(A∩B) 

• n(B)=n(B−A)+n(A∩B) 

Example − Let, A={1,2,6}and B={6,12,42}. There is a common element 

‘6’, hence these sets are overlapping sets. 

Disjoint Set 

Two sets A and B are called disjoint sets if they do not have even one 
element in common. Therefore, disjoint sets have the following properties − 

• n(A∩B) = ∅ 

• n(A∪B) = n(A)+n(B) 

Example − Let, A ={1,2,6} and B ={7,9,14}, there is not a single common 

element, hence these sets are overlapping sets. 



COUNTING 

Let A and B be finite sets with |A| = 6 and |B| = 9. Count the number of 1. 

relations from A to B. Solution: Each relation from A to B is a subset of A × 
B. Since there are |A × B| = 6 · 9 = 54 elements in A × B, then there are 
254 = 18, 014, 398, 509, 481, 984 subsets of A × B and therefore the same 

number of relations from A to B. 2. functions from A to B. Solution: Each of 
the six elements in A maps to any of the nine elements in B. So by the 
product rule there are 9 · 9 · 9 · 9 · 9 · 9 = 96 = 531, 441 such functions. 3. 

one-to-one functions from A to B. Solution: The first element of A can map 
to any of the 9 elements of B. The second element of A can map to any of 
the remaining 8 elements of B. The third element of A can map to any of the 

remaining 7 elements of B, and so on. By the product rule there are 9 · 8 · 7 
· 6 · 5 · 4 = 60, 480 one-to-one functions from A to B. 4. onto functions 
from A to B. Solution: There are no onto functions from A to B since a 

function from A to B can map to at most six but not all nine elements of B. 

Tree and Counting 

1 branch = 1 possible choice 

Example: Count the number of bit strings of 

length 3 that end with 0. 

 

 

 

Counting Examples 

1. How many bit strings are there of length 6 or 

less, (including the one with length 0)? 

 

Answer = length0 + length1 + length2 + length3 



+ ...+ length6 = 1 + 2 + 22 + ……. + 26 

Pigeonhole principle 

Theorems 

If k+1 or more objects are put in k boxes, then at least one box contains 

two or more objects. 

If n objects are put in k boxes, then at least one box contains dn/ke 

objects. Example: 

• 42 birds share 41 branches, there will be at least 1 branch with 2 

birds. 

• From 100 people, there are at least d100/12e = 9 that were born in 

the same month. 

• If students are given grades A to E, and we want at least 6 students 

to have the same grade, then dk/5e = 6, i.e. k = 26. There must be 

at least 26 students. 

 

 

 

 

 

 
Problems  

1) solve the following recurrence relation  

 

   if n = 2k for k >1  

 

      

 2) Let f (n) and g(n) be assymptotically nonnegative functions. 

    Using the basic definitions of e-notation, prove that  

                    max{f(n), g(n)} + g(n)). 

   

 3) 

          
 

 4)  A certain problem is having an algorithm with the following     recurrence 

relation. How much time would the algorithm take to solve the problem? 



 

    

  

 5)   match the following list 

                

  6) what is complexity of the following summation  

            

  7) Which of the given options provides the increasing order of               

asymptotic complexity of functions f1, f2, f3 and f4? 

f1(n) = 2n 

f2(n) = n3 / 2 

f3(n) = nlog2n 

f4(n) = nlog
2n 

8)   Given a maxheap tree of size √𝑛 what is the worst case time complexity to 

delete the root element of heap tree? 

 

 

 

 

          

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Divide & Conquer                         Unit - II  

 

In divide and conquer approach, the problem in hand, is divided into smaller 

sub-problems and then each problem is solved independently. When we keep 

on dividing the subproblems into even smaller sub-problems, we may 

eventually reach a stage where no more division is possible. Those "atomic" 

smallest possible sub-problem (fractions) are solved. The solution of all sub-

problems is finally merged in order to obtain the solution of an original 

problem. 



 

Broadly, we can understand divide-and-conquer approach in a three-step 

process. 

Divide/Break 

This step involves breaking the problem into smaller sub-problems. Sub-

problems should represent a part of the original problem. This step generally 

takes a recursive approach to divide the problem until no sub-problem is 

further divisible. At this stage, sub-problems become atomic in nature but 

still represent some part of the actual problem. 

 

 

Conquer/Solve 

This step receives a lot of smaller sub-problems to be solved. Generally, at 

this level, the problems are considered 'solved' on their own. 

Merge/Combine 

When the smaller sub-problems are solved, this stage recursively combines 

them until they formulate a solution of the original problem. This algorithmic 



approach works recursively and conquer & merge steps works so close that 

they appear as one. 

Examples 

The following computer algorithms are based on divide-and-

conquer programming approach − 

• Merge Sort 

• Quick Sort 

• Binary Search 

• Strassen's Matrix Multiplication 

• Closest pair (points) 

There are various ways available to solve any computer problem, but the 

mentioned are a good example of divide and conquer approach. 

Binary search 

Binary search is a fast search algorithm with run-time complexity of Ο(log n). 

This search algorithm works on the principle of divide and conquer. For this 

algorithm to work properly, the data collection should be in the sorted form. 

Binary search looks for a particular item by comparing the middle most item 

of the collection. If a match occurs, then the index of item is returned. If the 

middle item is greater than the item, then the item is searched in the sub-

array to the left of the middle item. Otherwise, the item is searched for in the 

sub-array to the right of the middle item. This process continues on the sub-

array as well until the size of the subarray reduces to zero. 

For a binary search to work, it is mandatory for the target array to be sorted. 

We shall learn the process of binary search with a pictorial example. The 

following is our sorted array and let us assume that we need to search the 

location of value 31 using binary search. 

 



First, we shall determine half of the array by using this formula – 

Mid = low + (low- high) /2 

Here it is, 0 + (9 - 0)/ 2 = 4 (integer value of 4.5). So, 4 is the mid of the array. 

 

Now we compare the value stored at location 4, with the value being searched, 

i.e. 31. We find that the value at location 4 is 27, which is not a match. As the 

value is greater than 27 and we have a sorted array, so we also know that the 

target value must be in the upper portion of the array. 

 

We change our low to mid + 1 and find the new mid value again. 

low = mid + 1 
mid = low + (high - low) / 2 

Our new mid is 7 now. We compare the value stored at location 7 with our target 

value 31. 

 

The value stored at location 7 is not a match, rather it is less than what we are 

looking for. So, the value must be in the lower part from this location. 

 



Hence, we calculate the mid again. This time it is 5. 

 

We compare the value stored at location 5 with our target value. We find that it is a 

match. 

 

We conclude that the target value 31 is stored at location 5. 

Binary search halves the searchable items and thus reduces the count of 

comparisons to be made to very less numbers. 

Pseudocode 

The pseudocode of binary search algorithms should look like this – 

Procedure binary_search 

   A ← sorted array 

   n ← size of array 

   x ← value to be searched 

 

   Set lowerBound = 1 

   Set upperBound = n  

 

   while x not found 

      if upperBound < lowerBound  

         EXIT: x does not exists. 

    

      set midPoint = lowerBound + ( upperBound - lowerBound ) / 2 

       



      if A[midPoint] < x 

         set lowerBound = midPoint + 1 

          

      if A[midPoint] > x 

         set upperBound = midPoint - 1  

 

      if A[midPoint] = x  

         EXIT: x found at location midPoint 

 

   end while 

    

end procedure 

Binary search has a huge advantage of time complexity over linear search. 

Linear search has worst-case complexity of Ο(n) whereas binary search has 

Ο(log n). 

There are cases where the location of target data may be known in advance. 

For example, in case of a telephone directory, if we want to search the 

telephone number of Morphius. Here, linear search and even binary search 

will seem slow as we can directly jump to memory space where the names 

start from 'M' are stored. 

Sorting  

Sorting refers to arranging data in a particular format. Sorting algorithm 

specifies the way to arrange data in a particular order. Most common orders 

are in numerical or lexicographical order. 

The importance of sorting lies in the fact that data searching can be optimized 

to a very high level, if data is stored in a sorted manner. Sorting is also used 

to represent data in more readable formats. Following are some of the 

examples of sorting in real-life scenarios – 

Dictionary − The dictionary stores words in an alphabetical order so that 

searching of any word becomes easy. 



Telephone Directory − The telephone directory stores the telephone numbers 

of people sorted by their names, so that the names can be searched easily. 

In-place Sorting and Not-in-place Sorting 

Sorting algorithms may require some extra space for comparison and 

temporary storage of few data elements. These algorithms do not require any 

extra space and sorting is said to happen in-place, or for example, within the 

array itself. This is called in-place sorting. Bubble sort is an example of in-

place sorting. 

However, in some sorting algorithms, the program requires space which is 

more than or equal to the elements being sorted. Sorting which uses equal 

or more space is called not-in-place sorting. Merge-sort is an example of 

not-in-place sorting. 

Stable and Not Stable Sorting 

If a sorting algorithm, after sorting the contents, does not change the sequence of 

similar content in which they appear, it is called stable sorting. 

 

If a sorting algorithm, after sorting the contents, changes the sequence of similar 

content in which they appear, it is called unstable sorting. 



 

Stability of an algorithm matters when we wish to maintain the sequence of original 

elements, like in a tuple for example. 

Important Terms 

Some terms are generally coined while discussing sorting techniques, here is 

a brief introduction to them − 

Increasing Order 

A sequence of values is said to be in increasing order, if the successive 

element is greater than the previous one. For example, 1, 3, 4, 6, 8, 9 are in 

increasing order, as every next element is greater than the previous element. 

Decreasing Order 

A sequence of values is said to be in decreasing order, if the successive 

element is less than the current one. For example, 9, 8, 6, 4, 3, 1 are in 

decreasing order, as every next element is less than the previous element. 

Non-Increasing Order 

A sequence of values is said to be in non-increasing order, if the successive 

element is less than or equal to its previous element in the sequence. This 

order occurs when the sequence contains duplicate values. For example, 9, 

8, 6, 3, 3, 1 are in non-increasing order, as every next element is less than 

or equal to (in case of 3) but not greater than any previous element. 

Bubble Sort Algorithm 

Bubble sort is a simple sorting algorithm. This sorting algorithm is comparison-

based algorithm in which each pair of adjacent elements is compared and the 



elements are swapped if they are not in order. This algorithm is not suitable for 

large data sets as its average and worst case complexity are of Ο(n2) where n is 

the number of items. 

We take an unsorted array for our example. Bubble sort takes Ο(n2) time so we're 

keeping it short and precise. 

 

Bubble sort starts with very first two elements, comparing them to check which one 

is greater. 

 

In this case, value 33 is greater than 14, so it is already in sorted locations. Next, 

we compare 33 with 27. 

 

We find that 27 is smaller than 33 and these two values must be swapped. 

 

The new array should look like this − 

 

Next we compare 33 and 35. We find that both are in already sorted positions. 

 

Then we move to the next two values, 35 and 10. 



 

We know then that 10 is smaller 35. Hence they are not sorted. 

 

We swap these values. We find that we have reached the end of the array. After one 

iteration, the array should look like this − 

 

To be precise, we are now showing how an array should look like after each iteration. 

After the second iteration, it should look like this − 

 

Notice that after each iteration, at least one value moves at the end. 

 

And when there's no swap required, bubble sorts learns that an array is completely 

sorted. 

 

 

 

Pseudocode 

We observe in algorithm that Bubble Sort compares each pair of array 

element unless the whole array is completely sorted in an ascending order. 



This may cause a few complexity issues like what if the array needs no more 

swapping as all the elements are already ascending. 

To ease-out the issue, we use one flag variable swapped which will help us 

see if any swap has happened or not. If no swap has occurred, i.e. the array 

requires no more processing to be sorted, it will come out of the loop. 

Pseudocode of BubbleSort algorithm can be written as follows − 

procedure bubbleSort( list : array of items ) 

 

   loop = list.count; 

    

   for i = 0 to loop-1 do: 

      swapped = false 

   

      for j = 0 to loop-1 do: 

       

         /* compare the adjacent elements */    

         if list[j] > list[j+1] then 

            /* swap them */ 

            swap( list[j], list[j+1] )    

            swapped = true 

         end if 

          

      end for 

       

      /*if no number was swapped that means  

      array is sorted now, break the loop.*/ 

       

      if(not swapped) then 

         break 

      end if 

       



   end for 

    

end procedure return list 

 

 

Insertion Sort 
This is an in-place comparison-based sorting algorithm. Here, a sub-list is 

maintained which is always sorted. For example, the lower part of an array 

is maintained to be sorted. An element which is to be 'insert'ed in this sorted 

sub-list, has to find its appropriate place and then it has to be inserted there. 

Hence the name, insertion sort. 

The array is searched sequentially and unsorted items are moved and 

inserted into the sorted sub-list (in the same array). This algorithm is not 

suitable for large data sets as its average and worst case complexity are of 

Ο(n2), where n is the number of items. 

We take an unsorted array for our example. 

 

Insertion sort compares the first two elements. 

 

It finds that both 14 and 33 are already in ascending order. For now, 14 is in sorted 

sub-list. 

 

Insertion sort moves ahead and compares 33 with 27. 



 

And finds that 33 is not in the correct position. 

 

It swaps 33 with 27. It also checks with all the elements of sorted sub-list. Here we 

see that the sorted sub-list has only one element 14, and 27 is greater than 14. 

Hence, the sorted sub-list remains sorted after swapping. 

 

By now we have 14 and 27 in the sorted sub-list. Next, it compares 33 with 10. 

 

These values are not in a sorted order. 

 

So we swap them. 

 

However, swapping makes 27 and 10 unsorted. 

 

Hence, we swap them too. 

 



Again we find 14 and 10 in an unsorted order. 

 

We swap them again. By the end of third iteration, we have a sorted sub-list of 4 

items. 

 

This process goes on until all the unsorted values are covered in a sorted sub-list. 

Pseudocode 

 

procedure insertionSort( A : array of items ) 

   int holePosition 

   int valueToInsert 

  

   for i = 1 to length(A) inclusive do: 

  

      /* select value to be inserted */ 

      valueToInsert = A[i] 

      holePosition = i 

       

      /*locate hole position for the element to be inserted */ 

   

      while holePosition > 0 and A[holePosition-1] > valueToInsert do: 

         A[holePosition] = A[holePosition-1] 

         holePosition = holePosition -1 

      end while 

   

      /* insert the number at hole position */ 

      A[holePosition] = valueToInsert 

       



   end for 

  

end procedure 

Selection Sort 

Selection sort is a simple sorting algorithm. This sorting algorithm is an in-

place comparison-based algorithm in which the list is divided into two parts, 

the sorted part at the left end and the unsorted part at the right end. Initially, 

the sorted part is empty and the unsorted part is the entire list. 

The smallest element is selected from the unsorted array and swapped with 

the leftmost element, and that element becomes a part of the sorted array. 

This process continues moving unsorted array boundary by one element to 

the right. 

This algorithm is not suitable for large data sets as its average and worst case 

complexities are of Ο(n2), where n is the number of items. 

Consider the following depicted array as an example. 

 

For the first position in the sorted list, the whole list is scanned sequentially. The 

first position where 14 is stored presently, we search the whole list and find that 10 

is the lowest value. 

 

So we replace 14 with 10. After one iteration 10, which happens to be the minimum 

value in the list, appears in the first position of the sorted list. 

 

For the second position, where 33 is residing, we start scanning the rest of the list 

in a linear manner. 



 

We find that 14 is the second lowest value in the list and it should appear at the 

second place. We swap these values. 

 

After two iterations, two least values are positioned at the beginning in a sorted 

manner. 

 

The same process is applied to the rest of the items in the array. 

Following is a pictorial depiction of the entire sorting process − 



 

 

Pseudocode 

     

 

procedure selection sort  

   list  : array of items 

   n     : size of list 

 

   for i = 1 to n - 1 

   /* set current element as minimum*/ 



      min = i     

   

      /* check the element to be minimum */ 

 

      for j = i+1 to n  

         if list[j] < list[min] then 

            min = j; 

         end if 

      end for 

 

      /* swap the minimum element with the current element*/ 

      if indexMin != i  then 

         swap list[min] and list[i] 

      end if 

 

   end for 

  

end procedure 

 

 

Merge Sort Algorithm 

 

Merge sort is a sorting technique based on divide and conquer technique. 

With worst-case time complexity being Ο(n log n), it is one of the most 

respected algorithms. 

Merge sort first divides the array into equal halves and then combines them 

in a sorted manner. 

To understand merge sort, we take an unsorted array as the following − 

 



We know that merge sort first divides the whole array iteratively into equal halves 

unless the atomic values are achieved. We see here that an array of 8 items is 

divided into two arrays of size 4. 

 

This does not change the sequence of appearance of items in the original. Now we 

divide these two arrays into halves. 

 

We further divide these arrays and we achieve atomic value which can no more be 

divided. 

 

Now, we combine them in exactly the same manner as they were broken down. 

Please note the color codes given to these lists. 

We first compare the element for each list and then combine them into another list 

in a sorted manner. We see that 14 and 33 are in sorted positions. We compare 27 

and 10 and in the target list of 2 values we put 10 first, followed by 27. We change 

the order of 19 and 35 whereas 42 and 44 are placed sequentially. 

 

In the next iteration of the combining phase, we compare lists of two data values, 

and merge them into a list of found data values placing all in a sorted order. 

 

After the final merging, the list should look like this − 



 

Pseudocode 

We shall now see the pseudocodes for merge sort functions. As our algorithms 

point out two main functions − divide & merge. 

Merge sort works with recursion and we shall see our implementation in the 

same way. 

Algorithm 

Merge sort keeps on dividing the list into equal halves until it can no more be 

divided. By definition, if it is only one element in the list, it is sorted. Then, 

merge sort combines the smaller sorted lists keeping the new list sorted too. 

Step 1 − if it is only one element in the list it is already sorted, return. 
Step 2 − divide the list recursively into two halves until it can no more be divided. 
Step 3 − merge the smaller lists into new list in sorted order 

 

Procedure 

 mergesort( var a as array ) 

   if ( n == 1 ) return a 

 

   var l1 as array = a[0] ... a[n/2] 

   var l2 as array = a[n/2+1] ... a[n] 

 

   l1 = mergesort( l1 ) 

   l2 = mergesort( l2 ) 

 

   return merge( l1, l2 ) 

end procedure 

 

procedure merge( var a as array, var b as array ) 

 

   var c as array 



 

   while ( a and b have elements ) 

      if ( a[0] > b[0] ) 

         add b[0] to the end of c 

         remove b[0] from b 

      else 

         add a[0] to the end of c 

         remove a[0] from a 

      end if 

   end while 

    

   while ( a has elements ) 

      add a[0] to the end of c 

      remove a[0] from a 

   end while 

    

   while ( b has elements ) 

      add b[0] to the end of c 

      remove b[0] from b 

   end while 

    

   return c 

  

end procedure 

Quick Sort 

 

Quick sort is a highly efficient sorting algorithm and is based on partitioning 

of array of data into smaller arrays. A large array is partitioned into two arrays 

one of which holds values smaller than the specified value, say pivot, based 

on which the partition is made and another array holds values greater than 

the pivot value. 



Quick sort partitions an array and then calls itself recursively twice to sort the 

two resulting subarrays. This algorithm is quite efficient for large-sized data 

sets as its average and worst case complexity are of Ο(nlogn), where n is the 

number of items. 

Quick Sort Pivot Algorithm 

 

Based on our understanding of partitioning in quick sort, we will now try to 

write an algorithm for it, which is as follows. 

Step 1 − Choose the highest index value has pivot 
Step 2 − Take two variables to point left and right of the list excluding pivot 
Step 3 − left points to the low index 
Step 4 − right points to the high 
Step 5 − while value at left is less than pivot move right 
Step 6 − while value at right is greater than pivot move left 
Step 7 − if both step 5 and step 6 does not match swap left and right 
Step 8 − if left ≥ right, the point where they met is new pivot 

Quick Sort Pivot Pseudocode 

 

The pseudocode for the above algorithm can be derived as − 

function partitionFunc(left, right, pivot) 

   leftPointer = left -1 

   rightPointer = right 

 

   while True do 

      while A[++leftPointer] < pivot do 

         //do-nothing             

      end while 

   

      while rightPointer > 0 && A[--rightPointer] > pivot do 

         //do-nothing          

      end while 

   

      if leftPointer >= rightPointer 

         break 



      else                 

         swap leftPointer,rightPointer 

      end if 

   

   end while  

  

   swap leftPointer,right 

   return leftPointer 

  

end function 

Quick Sort Algorithm 

Using pivot algorithm recursively, we end up with smaller possible partitions. 

Each partition is then processed for quick sort. We define recursive algorithm 

for quicksort as follows − 

Step 1 − Make the right-most index value pivot 
Step 2 − partition the array using pivot value 
Step 3 − quicksort left partition recursively 
Step 4 − quicksort right partition recursively 

Quick Sort Pseudocode 

To get more into it, let see the pseudocode for quick sort algorithm − 

procedure quickSort(left, right) 

 

   if right-left <= 0 

      return 

   else      

      pivot = A[right] 

      partition = partitionFunc(left, right, pivot) 

      quickSort(left,partition-1) 

      quickSort(partition+1,right)     

   end if   

    

end procedure 



Heap Sort Algorithm 

 

Heap Sort is one of the best sorting methods being in-place and with no quadratic 
worst-case scenarios. Heap sort algorithm is divided into two basic parts : 

• Creating a Heap of the unsorted list. 

• Then a sorted array is created by repeatedly removing the largest/smallest element from the 

heap, and inserting it into the array. The heap is reconstructed after each removal. 

Heap is a special tree-based data structure, that satisfies the following special heap properties : 

1. Shape Property : Heap data structure is always a Complete Binary Tree, which means all 

levels of the tree are fully filled. 

 

2.  Heap Property : All nodes are either [greater than or equal to] or [less than or 
equal to] each of its children. If the parent nodes are greater than their children, 
heap is called a Max-Heap, and if the parent nodes are smalled than their child 
nodes, heap is called Min-Heap. 



 

Pseudocode of heap sort 

MaxHeapify(A, i) 

    l = left(i) 

    r = right(i) 

    if l <= heap-size[A] and A[l] > A[i] 

        then largest = l 

        else largest = i 

    if r <= heap-size[A] and A[r] > A[largest] 

        then largest = r 

    if largest != i 

        then swap A[i] with A[largest] 

        MaxHeapify(A, largest) 

end func 

  

BuildMaxHeap(A) 



    heap-size[A] = length[A] 

    for i = |length[A]/2| downto 1 

        do MaxHeapify(A, i) 

end func 

  

HeapSort(A) 

    BuildMaxHeap(A) 

    for i = length[A] downto 2 

        do swap A[1] with A[i] 

            heap-size[A] = heap-size[A] – 1 

            MaxHeapify(A, 1); 

end func 

 

Analysis of build-max-heapify() function 

In Build-Max-heapify() function we call Max-Heapify function about n/2 times=O(n). 

And running time complexity of Max-Heapify is O(h) = O(logn).So, we see that Build-

Max-Heapify runs in O(n*logn). 

 

Cost of a call to MaxHeapify at a node depends on the height, h, of the node –> O(h). 

And most of the heapification takes place at lower level. Height of node h ranges from 0 

to logn. 

And, at most [n/2h+1 ] nodes are there at any height h. Therefore, running time 

complexity of Build-Max-Heap can be expressed as: 

 



 

Bucket sort 

 

Bucket sort is a comparison sort algorithm that operates on elements by dividing 

them into different buckets and then sorting these buckets individually. Each bucket 

is sorted individually using a separate sorting algorithm or by applying the bucket 

sort algorithm recursively. Bucket sort is mainly useful when the input is uniformly 

distributed over a range. 

Assume one has the following problem in front of them: 

One has been given a large array of floating point integers lying uniformly 
between the lower and upper bound. This array now needs to be sorted. A 

simple way to solve this problem would be to use another sorting algorithm 
such as Merge sort, Heap Sort or Quick Sort. However, these algorithms 
guarantee a best case time complexity of o(n logn ) However, using bucket 

sort, the above task can be completed in o(n) time. Let's have a closer look 
at it. 

Consider one needs to create an array of lists, i.e of buckets. Elements now 

need to be inserted into these buckets on the basis of their properties. Each 
of these buckets can then be sorted individually using Insertion Sort.  

pseudo code  

void bucketSort(float[] a,int n) 
{ 
    for(each floating integer 'x' in n) 

    { 
        insert x into bucket[n*x];  



    } 
    for(each bucket) 

    { 
        sort(bucket); 
    } 

} 

Time Complexity: 

If one assumes that insertion in a bucket takes O(1)time, then steps 1 and 2 

of the above algorithm clearly take O(n) time 

Radix Sort 

Quick Sort, Merge Sort, Heap Sort are comparison based sorting algorithms. 

Count Sort is not comparison based algorithm. It has the complexity of O(n+k), 

where k is the maximum element of the input array. 

So, if k is O(n), Count Sort becomes linear sorting, which is better than comparison 

based sorting algorithms that have O(nlogn)time complexity. The idea is to extend 

the Count Sort algorithm to get a better time complexity when k goes O(n2). Here 

comes the idea of Radix Sort. 

 

Algorithm: 

For each digit ii where ii varies from the least significant digit to the most significant 

digit of a number Sort input array using countsort algorithm according to Ith
 digit. 

 

We used count sort because it is a stable sort. 

Example: Assume the input array is: 

10,21,17,34,44,11,654,123 

Based on the algorithm, we will sort the input array according to the one's 

digit (least significant digit). 

0: 10  

1: 21 11  

2:  

3: 123  

4: 34 44 654  

5:  

6:  

7: 17  

8:  

9:  



So, the array becomes 10,21,11,123,24,44,654,17 

Now, we'll sort according to the ten's digit: 

0:  

1: 10 11 17 

2: 21 123 

3: 34 

4: 44 

5: 654 

6:  

7:  

8:  

9:  

Now, the array becomes : 10,11,17,21,123,34,44,654 

Finally , we sort according to the hundred's digit (most significant digit): 

0: 010 011 017 021 034 044 

1: 123 

2:  

3:  

4:  

5:  

6: 654 

7:  

8:  

9:  

The array becomes : 10,11,17,21,34,44,123,654 which is sorted. This is how our 

algorithm works.  

 

Greedy method 

An algorithm is designed to achieve optimum solution for a given problem. In 

greedy algorithm approach, decisions are made from the given solution 

domain. As being greedy, the closest solution that seems to provide an 

optimum solution is chosen. 

Greedy algorithms try to find a localized optimum solution, which may 

eventually lead to globally optimized solutions. However, generally greedy 

algorithms do not provide globally optimized solutions. 

A spanning tree is a subset of Graph G, which has all the vertices covered 

with minimum possible number of edges. Hence, a spanning tree does not 

have cycles and it cannot be disconnected.. 



By this definition, we can draw a conclusion that every connected and 

undirected Graph G has at least one spanning tree. A disconnected graph 

does not have any spanning tree, as it cannot be spanned to all its vertices. 

 

We found three spanning trees off one complete graph. A complete 

undirected graph can have maximum nn-2 number of spanning trees, 

where n is the number of nodes. In the above addressed example, 33−2 = 

3 spanning trees are possible. 

General Properties of Spanning Tree 

We now understand that one graph can have more than one spanning tree. 

Following are a few properties of the spanning tree connected to graph G − 

• A connected graph G can have more than one spanning tree. 

• All possible spanning trees of graph G, have the same number of edges and 

vertices. 

• The spanning tree does not have any cycle (loops). 

• Removing one edge from the spanning tree will make the graph disconnected, i.e. 

the spanning tree is minimally connected. 



• Adding one edge to the spanning tree will create a circuit or loop, i.e. the spanning 

tree is maximally acyclic. 

Mathematical Properties of Spanning Tree 

• Spanning tree has n-1 edges, where n is the number of nodes (vertices). 

• From a complete graph, by removing maximum e - n + 1 edges, we can construct 

a spanning tree. 

• A complete graph can have maximum nn-2 number of spanning trees. 

Thus, we can conclude that spanning trees are a subset of connected Graph 

G and disconnected graphs do not have spanning tree. 

Application of Spanning Tree 

Spanning tree is basically used to find a minimum path to connect all nodes 

in a graph. Common application of spanning trees are − 

• Civil Network Planning 

• Computer Network Routing Protocol 

• Cluster Analysis 

Let us understand this through a small example. Consider, city network as a 

huge graph and now plans to deploy telephone lines in such a way that in 

minimum lines we can connect to all city nodes. This is where the spanning 

tree comes into picture. 

Minimum Spanning Tree (MST) 

In a weighted graph, a minimum spanning tree is a spanning tree that has 

minimum weight than all other spanning trees of the same graph. In real-

world situations, this weight can be measured as distance, congestion, traffic 

load or any arbitrary value denoted to the edges. 

Minimum Spanning-Tree Algorithm 

We shall learn about two most important spanning tree algorithms here − 

• Kruskal's Algorithm 

https://www.tutorialspoint.com/data_structures_algorithms/kruskals_spanning_tree_algorithm.htm


• Prim's Algorithm 

Both are greedy algorithms. 

Kruskal’s algorithm 

Kruskal's algorithm to find the minimum cost spanning tree uses the greedy 

approach. This algorithm treats the graph as a forest and every node it has as an 

individual tree. A tree connects to another only and only if, it has the least cost 

among all available options and does not violate MST properties. 

To understand Kruskal's algorithm let us consider the following example − 

 

Step 1 - Remove all loops and Parallel Edges 

Remove all loops and parallel edges from the given graph. 

 

https://www.tutorialspoint.com/data_structures_algorithms/prims_spanning_tree_algorithm.htm


In case of parallel edges, keep the one which has the least cost associated and 

remove all others. 

 

Step 2 - Arrange all edges in their increasing order of weight 

The next step is to create a set of edges and weight, and arrange them in an 

ascending order of weightage (cost). 

 

Step 3 - Add the edge which has the least weightage 

Now we start adding edges to the graph beginning from the one which has the least 

weight. Throughout, we shall keep checking that the spanning properties remain 

intact. In case, by adding one edge, the spanning tree property does not hold then 

we shall consider not to include the edge in the graph. 

 

The least cost is 2 and edges involved are B,D and D,T. We add them. Adding them 

does not violate spanning tree properties, so we continue to our next edge selection. 

Next cost is 3, and associated edges are A,C and C,D. We add them again − 



 

Next cost in the table is 4, and we observe that adding it will create a circuit in the 

graph. − 

 

We ignore it. In the process we shall ignore/avoid all edges that create a circuit. 

 

We observe that edges with cost 5 and 6 also create circuits. We ignore them and 

move on. 

 



Now we are left with only one node to be added. Between the two least cost edges 

available 7 and 8, we shall add the edge with cost 7. 

 

By adding edge S,A we have included all the nodes of the graph and we now have 

minimum cost spanning tree. 

Prim’s algorithm 

Prim's algorithm to find minimum cost spanning tree (as Kruskal's algorithm) uses 

the greedy approach. Prim's algorithm shares a similarity with the shortest path 

first algorithms. 

Prim's algorithm, in contrast with Kruskal's algorithm, treats the nodes as a single 

tree and keeps on adding new nodes to the spanning tree from the given graph. 

To contrast with Kruskal's algorithm and to understand Prim's algorithm better, we 

shall use the same example − 

 

Step 1 - Remove all loops and parallel edges 



 

Remove all loops and parallel edges from the given graph. In case of parallel edges, 

keep the one which has the least cost associated and remove all others. 

 

Step 2 - Choose any arbitrary node as root node 

In this case, we choose S node as the root node of Prim's spanning tree. This node 

is arbitrarily chosen, so any node can be the root node. One may wonder why any 

video can be a root node. So the answer is, in the spanning tree all the nodes of a 

graph are included and because it is connected then there must be at least one edge, 

which will join it to the rest of the tree. 

Step 3 - Check outgoing edges and select the one with less cost 

After choosing the root node S, we see that S,A and S,C are two edges with weight 

7 and 8, respectively. We choose the edge S,A as it is lesser than the other. 



 

Now, the tree S-7-A is treated as one node and we check for all edges going out 

from it. We select the one which has the lowest cost and include it in the tree. 

 

After this step, S-7-A-3-C tree is formed. Now we'll again treat it as a node and will 

check all the edges again. However, we will choose only the least cost edge. In this 

case, C-3-D is the new edge, which is less than other edges' cost 8, 6, 4, etc. 

 

After adding node D to the spanning tree, we now have two edges going out of it 

having the same cost, i.e. D-2-T and D-2-B. Thus, we can add either one. But the 

next step will again yield edge 2 as the least cost. Hence, we are showing a spanning 

tree with both edges included. 



 

We may find that the output spanning tree of the same graph using two different 

algorithms is same. 

 

 

Dijkstra's Algorithm 

Dijkstra's algorithm has many variants but the most common one is to find the shortest 

paths from the source vertex to all other vertices in the graph. 

Algorithm Steps: 

• Set all vertices distances = infinity except for the source vertex, set the source 

distance = 00. 

• Push the source vertex in a min-priority queue in the form (distance , vertex), as 
the comparison in the min-priority queue will be according to vertices distances. 

• Pop the vertex with the minimum distance from the priority queue (at first the 
popped vertex = source). 

• Update the distances of the connected vertices to the popped vertex in case of 
"current vertex distance + edge weight < next vertex distance", then push the 

vertex 
with the new distance to the priority queue. 

• If the popped vertex is visited before, just continue without using it. 
• Apply the same algorithm again until the priority queue is empty 

fractional knapsack problem algorithm. 

The knapsack problem or rucksack problem is a problem in combinatorial 

optimization: Given a set of items, each with a weight and a value, determine the 

number of each item to include in a collection so that the total weight is less than 

or equal to a given limit and the total value is as large as possible. It derives its 

name from the problem faced by someone who is constrained by a fixed-

size knapsack and must fill it with the most valuable items. 

https://en.wikipedia.org/wiki/Combinatorial_optimization
https://en.wikipedia.org/wiki/Combinatorial_optimization
https://en.wikipedia.org/wiki/Knapsack


• In this problem the objective is to fill the knapsack with items to get 

maximum benefit (value or profit) without crossing the weight 

capacity of the knapsack. And we are also allowed to take an item in 

fractional part. 

•  Input: A set A = {a1, a2,..., an} of n items and a knapsack of 
capacity C. 

•  Each item ai is worth vi dollars and weighs wi pounds. 
•  Output: A subset of items whose total size is bounded by C and 
• whose profit is maximized. 

•  The thief can take fractions of items. 

 

Properties of knapsack problems 

 Both knapsack problems exhibit the optimal substructure 

property. 

 The 0–1 problem: 

 S = an optimal solution W. 

 S’ = S − {j} must be an optimal solution for W − wi pounds and the n −1 

original items excluding j. 

 The fractional problem: 

 S = an optimal solution W. 

 Suppose we remove w pounds of item j. 

 S’ = S − {j} must be an optimal solution for W − w pounds and the n − 1 

original items plus wj − w pounds of item j. 

 The fractional knapsack problem has the greedy‐choice 

property, and the 0–1 knapsack problem does not. 

FRACTIONAL‐KNAPSACK pseudocode 



 

OPTIMAL STORAGE ON TAPE  

 

Optimal storage problem: 

Input: We are given ‘n’ problem that are to be stored on computer tape of length L and the 

length of program i is Li 

Such that 1 ≤i≤ n and Σ 1≤k≤j Li≤ 1 

Output: A permutation from all n! For the n programs so that when they are stored on tape in 

the order the MRT is minimized. 

Example: 

Let n = 3, (l1, l2, l3) = (8, 12, 2). As n = 3, there are 3! =6 possible ordering. 

All these orderings and their respective d value are given below: 

Ordering d (i) Value 

1, 2, 3 8 + (8+12) + (8+12+2) 50 



Ordering d (i) Value 

1, 3, 2 8 + 8 + 2 + 8 + 2 + 12 40 

2, 1, 3 12 + 12 + 8 +12 + 8 + 2 54 

2, 3, 1 12 + 12 +2 +12 + 2 + 8 48 

3, 1, 2 2 + 2 + 8 + 2 + 8+ 12 34 

3, 2, 1 2 + 2 +12 + 2 + 12 + 8 38 

The optimal ordering is 3, 1, 2. 

The greedy method is now applied to solve this problem. It requires that the programs are 

stored in non-decreasing order which can be done in O (nlogn) time. 

Greedy solution: 

i. Make tape empty 

ii. For i = 1 to n do; 

iii. Grab the next shortest path 

iv. Put it on next tape. 

The algorithm takes the best shortest term choice without checking to see whether it is a big 

long term decision. 

Algorithm: 



 

For example, find an optimal placement for 13 programs on 3 tapes T0, T1 & T2 where the 

program are of lengths 12, 5, 8, 32, 7, 5, 18, 26, 4, 3, 11, 10 and 6. 

Given problem: 

Length 12 5 8 32 7 5 18 26 4 3 11 10 6 

Program [0] [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] 

 

 

 

 

 

 

Length 3 4 5 6 7 8 9 10 11 12 18 26 32 

Program [8] [9] [1] [5] [12] [4] [2] [11] [10] [0] [6] [7] [3] 



Problems 

1) The average number of comparisons performed by the merge sort      

algorithm, in merging two sorted list of length 2 is ? 

2) Which of the following sorting methods will be the best if number of         

swappings done, is the only measure of efficienty? 

 

3) Consider an array of n elements in range 0, ..., n (need not be distinct).    What 

is the time complexity to find number of elements presents in range of j to k. 

 

4) Consider X[1, ..., n] and Y[1, ..., n] be two arrays each containing  numbers 

Both of which are already sorted. What is the time complexity to find median by 

combining the two arrays? 

 

5) Consider an array consisting of the following elements in unsorted order (placed 

randomly), but 60 as first element. 

60, 80, 15, 95, 7, 12, 35, 90, 55 

Quick sort partition algorithm is applied by choosing first element as pivot 

element. Total number of arrangements of array integers is possible preserving the 

effect of first pass of partition algorithm are_____. 

 

6) Suppose there are 4 sorted list of 8 elements each. If we merge these lists into a 

single sorted list of 32 elements. The key comparisons that are needed in the worst 

case using an efficient algorithm are ____. 

 

7) Give the correct matching for the following pairs: 

 

(A) O(logn)                         (P) Selection 

(B) O(n)                             (Q) Insertion sort 

(C) O(nlogn)                       (R) Binary search 

(D) O(n2)                            (S) Merge sort 

 



8) Consider a weighted complete graph on vertex set {V1, V2, . . . Vn} such that 

the weight of the edge (V i, V j) is 2|i – j|. The weight of a minimum spanning tree 

using prim’s algorithm is. 

 

9) Consider 5 items along with their respective heights and values 

The Knapsack has capacity, w = 60, the maximum profit that can be achieved using 

fractional knapsack is ______. 

 

 

10) Let G be a connected undirected graph of 100 vertices and 300 edges. The 

weight of a minimum spanning tree of G is 500. When the weight of each edge of G 

is increased by five, the weight of a minimum spanning tree becomes ______. 

 

11) The graph shown below has 8 edges with distinct integer edge weights. The 

minimum spanning tree (MST) is of weight 36 and contains the edges: {(A, C), (B, 

C), (B, E), (E, F), (D, F)}. The edge weights of only those edges which are in the 

MST are given in the figure shown below. The minimum possible sum of weights of 

all 8 edges of this graph is_______________. 

 

12) For the graph given below Dijkstra’s algorithm does not provide correct shortest 

path tree. Suppose a new graph that is different only in weight between Q to S is 

created. The number of values of edge [Q to S] that ensures that Dijkstra’s provide 

the correct shortest path tree where the values of edge (Q to S) ∈ [–20, 20] and ‘P’ 

is the source vertex are ______. 



                           

  

 13)      Consider the undirected graph below: 

 

Using Prim's algorithm to construct a minimum spanning tree starting with node A, 

which one of the following sequences of edges represents a possible order in which 

the edges would be added to construct the minimum spanning tree? 

 

                                 Dynamic Programming:   UNIT III  

 

0-1 Knapsack problem 

The Knapsack problem is probably one of the most interesting and most 
popular in computer science, especially when we talk about dynamic 

programming. 

 Given a set of items, each with a weight and a value, determine which 
items you should pick to maximize the value while keeping the overall 

weight smaller than the limit of your knapsack (i.e., a backpack). 

For example, suppose you are a thief and you invaded a house. Inside you 
found the following items: 

• A vase that weights 3 pounds and is worth 50 dollars. 
• A silver nugget that weights 6 pounds and is worth 30 dollars. 

• A painting that weights 4 pounds and is worth 40 dollars. 

http://en.wikipedia.org/wiki/Knapsack_problem


• A mirror that weights 5 pounds and is worth 10 dollars. 

Which items should you pick? 

Since this is a small problem set it’s not difficult to see the answer is the 
vase and the painting, for a total value of $90, but if there were more items 
computing the answer wouldn’t be so easy. 

A brute force approach (i.e., testing all item combinations and keeping the 
one with the highest value) would take 2^n, where n is the number of items. 
Once n grows slightly, this approach becomes unfeasible. 

What’s a better solution? 

We can break the problem into smaller sub-problems (which is 
called optimal sub-structure in computer science) and solve it recursively 

(i.e., divide and conquer). 

That is, instead of thinking with all the items at the same time, we think 

about having only one item and a certain size available in the knapsack. 
With this smaller sub-problem you’ll basically need to decide between two 
things: to take the item (in which case you get the value of the item but 

lose capacity in proportion to its weight) or to not take the item (in which 
case you don’t get any value but don’t lose any weight either). Once you 
solve this sub-problem you just need to call another recursion, adjusting two 

things: the item you are working with and the weight you still have 
available. 

One problem that will arise is the re-computation of sub-problems over and 

over again (which is called overlapping sub-problems). That is because 
the sub-problems are not independent. When you have this scenario (i.e., 
optimal sub-structure and overlapping sub-problems) you know what you 

can use the dynamic programming technique, which basically involved 
storing the solutions to each sub-problem, so that you just need to compute 
them once. 

Enough talk though, let’s see some code. 

Top-Down Dynamic Programming Solution 

Top-down dynamic programming means that we’ll use an intuitive and 
recursive algorithm to solve the problem, but instead of simply returning the 

computer values from our function we’ll first store it in an auxiliary table. 
Then every time we call the recursion we first check the table to see if the 



solution was computed already. If it was we use it, else we compute and 
store it for future use. 

 

Let i be the highest-numbered item in an optimal solution S for W pounds. 

Then S` = S - {i} is an optimal solution for W - wi pounds and the value to the 

solution S is Vi plus the value of the subproblem. 

We can express this fact in the following formula: define c[i, w] to be the solution 

for items  1,2, . . . , i and maximum weight w. Then 

 

This says that the value of the solution to i items either include ith item, in 
which case it is vi plus a subproblem solution for (i - 1) items and the weight 

excluding wi, or does not include ith item, in which case it is a subproblem's 
solution for (i - 1) items and the same weight. That is, if the thief picks 
item i, thief takes vi value, and thief can choose from items w - wi, and 

get c[i - 1, w - wi] additional value. On other hand, if thief decides not to 
take item i, thief can choose from item 1,2, . . . , i- 1 upto the weight 
limit w, and get c[i - 1, w] value. The better of these two choices should be 

made. 

Although the 0-1 knapsack problem, the above formula for c is similar 
to LCS formula: boundary values are 0, and other values are computed from 

the input and "earlier" values of c. So the 0-1 knapsack algorithm is like the 
LCS-length algorithm given in CLR for finding a longest common 
subsequence of two sequences. 

The algorithm takes as input the maximum weight W, the number of items 
n, and the two sequences v = <v1, v2, . . . , vn> and w = <w1, w2, . . . 
, wn>. It stores the c[i, j]values in the table, that is, a two dimensional 

array, c[0 . . n, 0 . . w] whose entries are computed in a row-major order. 
That is, the first row of c is filled in from left to right, then the second row, 
and so on. At the end of the computation, c[n, w] contains the maximum 

value that can be picked into the knapsack. 



Dynamic-0-1-knapsack (v, w, n, W) 

FOR w = 0 TO W 

    DO  c[0, w] = 0 
FOR i=1 to n 
    DO c[i, 0] = 0 

        FOR w=1 TO W 
            DO IFf wi ≤ w 
                THEN IF  vi + c[i-1, w-wi] 

                    THEN c[i, w] = vi + c[i-1, w-wi] 
                    ELSE c[i, w] = c[i-1, w] 
                ELSE 

                    c[i, w] = c[i-1, w] 

The set of items to take can be deduced from the table, starting at c[n. 
w] and tracing backwards where the optimal values came from. If c[i, w] 

= c[i-1, w] item i is not part of the solution, and we are continue tracing 
with c[i-1, w]. Otherwise item i is part of the solution, and we continue 
tracing with c[i-1, w-W]. 

  

 

Analysis 

This dynamic-0-1-kanpsack algorithm takes θ(nw) times, broken up as 
follows: θ(nw) times to fill the c-table, which has (n +1).(w +1) entries, 
each requiring θ(1) time to compute. O(n) time to trace the solution, 

because the tracing process starts in row n of the table and moves up 1 row 
at each step. 

 

MATRIX CHAIN MULTILICATION  

The chain matrix multiplication problem is perhaps the most popular 
example of dynamic programming used in the upper undergraduate course 
(or review basic issues of dynamic programming in advanced algorithm's 

class). 

The chain matrix multiplication problem involves the question of determining 
the optimal sequence for performing a series of operations. This general 

class of problem is important in complier design for code optimization and in 



databases for query optimization. We will study the problem in a very 
restricted instance, where the dynamic programming issues are clear. 

Suppose that our problem is to multiply a chain of n matrices A1 A2 ... An. 
Recall (from your discrete structures course), matrix multiplication is an 
associative but not a commutative operation. This means that you are free 

to parenthesize the above multiplication however we like, but we are not 
free to rearrange the order of the matrices. Also, recall that when two (non-
square) matrices are being multiplied, there are restrictions on the 

dimensions. 

Suppose, matrix A has p rows and q columns i.e., the dimension of 
matrix A is p × q. You can multiply a matrix A of p × q dimensions times a 

matrix B of dimensions q × r, and the result will be a matrix C with 
dimensions p × r. That is, you can multiply two matrices if they 
are compatible: the number of columns of A must equal the number of 

rows of B. 

In particular, for 1 ≤ i ≤  p and 1 ≤ j ≤ r, we have 

C[i, j] = ∑1 ≤ k ≤ q A[i, k] B[k, j]. 

There are p . r total entries in C and each takes O(q) time to compute, thus 
the total time to multiply these two matrices is dominated by the number of 
scalar multiplication, which is p . q . r. 

Problem Formulation 

Note that although we can use any legal parenthesization, which will lead to 
a valid result. But, not all parenthesizations involve the same number of 

operations. To understand this point, consider the problem of a 
chain A1, A2, A3 of three matrices and suppose 

A1 be of dimension 10 × 100 

A2 be of dimension 100 × 5 
A3 be of dimension 5 × 50 

Then, 

MultCost[((A1 A2) A3)] = (10 . 100 . 5) +  (10 . 5 . 50) = 7,500 
scalar multiplications. 

MultCost[(A1 (A2 A3))] = (100 . 5 . 50) + (10 . 100 . 50) = 75,000 

scalar multiplications. 



It is easy to see that even for this small example, computing the product 
according to first parenthesization is 10 times faster. 

The Chain Matrix Multiplication Problem 

Given a sequence of n matrices A1, A2, ... An, and their dimensions p0, p1, p2, 
..., pn, where where i = 1, 2, ..., n, matrix Ai has dimension pi − 1 × pi, 

determine the order of multiplication that minimizes the the number of 
scalar multiplications. 

 Equivalent formulation  

Given n matrices, A1, A2, ... An, where for 1 ≤ i ≤ n, Ai is a pi − 1 × pi, matrix, 
parenthesize the product A1, A2, ... An so as to minimize the total cost, 
assuming that the cost of multiplying an pi − 1× pi matrix by a pi × pi 

+ 1 matrix using the naive algorithm is pi − 1× pi × pi + 1. 

 Note that this algorithm does not perform the multiplications, it just figures 
out the best order in which to perform the multiplication operations. 

Dynamic Programming Approach 

The first step of the dynamic programming paradigm is to characterize the 
structure of an optimal solution. For the chain matrix problem, like other 

dynamic programming problems, involves determining the optimal structure 
(in this case, a parenthesization). We would like to break the problem into 
sub problems, whose solutions can be combined to obtain a solution to the 

global problem. 

For convenience, let us adopt the notation Ai .. j, where i ≤ j, for the result 
from evaluating the product  Ai Ai + 1 ... Aj. That is, 

Ai .. j ≡ Ai Ai + 1 ... Aj ,    where i ≤ j, 

It is easy to see that is a matrix Ai .. j  is of dimensions pi × pi + 1. 

In parenthesizing the expression, we can consider the highest level of 

parenthesization. At this level we are simply multiplying two matrices 
together. That is, for any k, 1 ≤  k ≤  n − 1, 

A1..n = A1..k  Ak+1..n . 

  



Therefore, the problem of determining the optimal sequence of 
multiplications is broken up into two questions: 

Question 1: How do we decide where to split the chain? 
(What is k?)    

Question 2: How do we parenthesize the 

subchains A1..k  Ak+1..n? 

The subchain problems can be solved by recursively applying the same 
scheme. On the other hand, to determine the best value of k, we will 

consider all possible values of k, and pick the best of them. Notice that this 
problem satisfies the principle of optimality, because once we decide to 
break the sequence into the product , we should compute each subsequence 

optimally. That is, for the global problem to be solved optimally, the 
subproblems must be solved optimally as well. 

The key observation is that the parenthesization of the "prefix" 

subchain A1..k within this optimal parenthesization of A1..n. must be 
an optimal parenthesization of A1..k. 

  

Dynamic Programming Formulation 

The second step of the dynamic programming paradigm is to define the 
value of an optimal solution recursively in terms of the optimal solutions to 

subproblems. To help us keep track of solutions to subproblems, we will use 
a table, and build the table in a bottomup manner. For 1 ≤ i ≤ j ≤ n, 
let m[i, j] be the minimum number of scalar multiplications needed to 

compute the Ai..j. The optimum cost can be described by the following 
recursive formulation. 

Basis: Observe that if i = j then the problem is trivial; the sequence contains 

only one matrix, and so the cost is 0. (In other words, there is nothing to 
multiply.) Thus, 

m[i, i] = 0 for i = 1, 2, ..., n. 

  

Step: If i ≠ j, then we are asking about the product of the subchain Ai..j and 
we take advantage of the structure of an optimal solution. We assume that 



the optimal parenthesization splits the product, Ai..j into for each value of k, 
1 ≤  k ≤  n − 1 as Ai..k . Ak+1..j. 

The optimum time to compute is m[i, k], and the optimum time to compute 
is m[k + 1, j]. We may assume that these values have been computed 
previously and stored in our array. Since Ai..k is a matrix, and Ak+1..j is a 

matrix, the time to multiply them is pi − 1 . pk . pj. This suggests the following 
recursive rule for computing m[i, j]. 

  

 

To keep track of optimal sub solutions, we store the value of k in a 
table s[i, j]. Recall, k is the place at which we split the product Ai..j to get an 
optimal parenthesization. That is, 

s[i, j] = k such that m[i, j] = m[i, k] + m[k + 1, j] + pi − 1 . pk . pj. 

Let L = j − i + 1 denote the length of the subchain being multiplied. The 
subchains of length 1 (m[i, i]) are trivial. Then we build up by computing the 

subchains of length 2, 3, ..., n. The final answer is m[1, n]. 

Now set up the loop: Observe that if a subchain of length L starts at 
position i, then j = i + L − 1. Since, we would like to keep j in bounds, this 

means we want j ≤ n, this, in turn, means that we want i + L − 1 ≤ n, 
actually what we are saying here is that we want i ≤ n − L +1. This gives us 
the closed interval for i. So our loop for i runs from 1 to n − L + 1. 



 

Complexity analysis 

Clearly, the space complexity of this procedure Ο(n2). Since the 

tables m and s require Ο(n2) space. As far as the time complexity is concern, 
a simple inspection of the for-loop(s) structures gives us a running time of 
the procedure. Since, the three for-loops are nested three deep, and each 

one of them iterates at most n times (that is to say indices L, i, and j takes 
on at most n − 1 values). Therefore, The running time of this procedure is 
Ο(n3). 

Optimal binary search tree. 

 

An optimal binary search tree is a binary search tree for which the nodes 

are arranged on levels such that the tree cost is minimum. 

For the purpose of a better presentation of optimal binary search trees, we 

will consider “extended binary search trees”, which have the keys stored at their 

internal nodes. Suppose “n” keys k1, k2, … , k n are stored at the internal nodes of 

a binary search tree. It is assumed that the keys are given in sorted order, so that 

k1< k2 < … < kn. An extended binary search tree is obtained from the binary 

search 



tree by adding successor nodes to each of its terminal nodes as indicated in the 

following figure by squares: 

 

  

 

In the extended tree: 

the squares represent terminal nodes. These terminal nodes represent 

unsuccessful searches of the tree for key values. The searches did not end 

successfully, that is, because they represent key values that are not actually 

stored in the tree; 

the round nodes represent internal nodes; these are the actual keys stored 

in the tree; 

assuming that the relative frequency with which each key value is accessed 

is known, weights can be assigned to each node of the extended tree (p1 … 

p6). They represent the relative frequencies of searches terminating at each 

node, that is, they mark the successful searches. 

If the user searches a particular key in the tree, 2 cases can occur: 



1 – the key is found, so the corresponding weight ‘p’ is incremented; 

2 – the key is not found, so the corresponding ‘q’ value is incremented. 

 

GENERALIZATION: the terminal node in the extended tree that is the left successor 

of k1 can be interpreted as representing all key values that are not stored and are 

less than k1. Similarly, the terminal node in the extended tree that is the right 

successor of kn, represents all key values not stored in the tree that are greater 

than kn. The terminal node that is successed between ki and ki-1 in an inorder 

traversal represents all key values not stored that lie between ki and ki -1. 

Pseudocode 

We have the following procedure for determining R(i, j) and C(i, j) with 

0 <= i <= j <= n: 

 

 

 

 

 

 

 



 

 

The following function builds an optimal binary search tree 

 

COMPLEXITY ANALYSIS 

 

The algorithm requires O (n2) time and O (n2) storage. 

Therefore, as ‘n’ increases it will run out of storage even before it runs out of 

time. The storage needed can be reduced by almost half by implementing the two-

dimensional arrays as one-dimensional arrays. 

 

Problems  

 

1) Four Matrices M1, M2, M3, and M4 of dimensions p × q, q × r, r × s and s × t 

respectively can be multiplied in several ways with 

different number of total scalar multiplications. For example when multiplied as 

((M1 × M2) × (M3 × M4)), the total number of 

scalar multiplications is pqr + rst + prt. When multiplied as (((M1 × M2) × M3) × 

M4), the total number of scalar multiplications is 

pqr + prs + pst. 



If p = 10, q = 100, r = 20, s = 5 and t = 80, then the minimum number of scalar 

multiplications needed is 

 

2) Let A1, A2, A3 and A4 be four matrices of dimensions 10 × 5, 5 × 20, 20 × 10, 

and 10 × 5, respectively. The minimum number of 

scalar multiplications required to find the product A1A2A3A4 using the basic matrix 

multiplication method is _________. 

 

 

Back Tracking                          Unit IV 

 Backtracking is a general algorithm for finding all (or some) solutions to 
some computational problems, notably constraint satisfaction problems, that 
incrementally builds candidates to the solutions, and abandons each partial 

candidate c ("backtracks") as soon as it determines that c cannot possibly be 
completed to a valid solution 

The classic textbook example of the use of backtracking is the eight queens 

puzzle, that asks for all arrangements of eight chess queens on a 
standard chessboard so that no queen attacks any other. In the common 
backtracking approach, the partial candidates are arrangements of k queens 

in the first k rows of the board, all in different rows and columns. Any partial 
solution that contains two mutually attacking queens can be abandoned. 

Backtracking can be applied only for problems which admit the concept of a 

"partial candidate solution" and a relatively quick test of whether it can 
possibly be completed to a valid solution. It is useless, for example, for 
locating a given value in an unordered table. When it is applicable, however, 

backtracking is often much faster than brute force enumeration of all 
complete candidates, since it can eliminate a large number of candidates 
with a single test. 

Backtracking is an important tool for solving constraint satisfaction 
problems, such as crosswords, verbal arithmetic, Sudoku, and many other 
puzzles. It is often the most convenient (if not the most efficient[citation needed]) 

technique for parsing, for the knapsack problem and other combinatorial 
optimization problems. It is also the basis of the so-called logic 
programming languages such as Icon, Planner and Prolog. 

Backtracking depends on user-given "black box procedures" that define the 
problem to be solved, the nature of the partial candidates, and how they are 
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extended into complete candidates. It is therefore a metaheuristic rather 
than a specific algorithm – although, unlike many other meta-heuristics, it is 

guaranteed to find all solutions to a finite problem in a bounded amount of 
time. 

The term "backtrack" was coined by American mathematician D. H. 

Lehmer in the 1950s. The pioneer string-processing 
language SNOBOL (1962) may have been the first to provide a built-in 
general backtracking facility. 

8 Queen problem 

This is typical example of backtracking algorithm. So before solving this problem, 
first understand what is backtracking. Backtracking a problem solving approach which 
is closest to the brute force method. In this, we explore each path which may lead to 
solution, taking one decision at a time and as soon as we find that the path which 
selected does not lead to solution, we go back to the place where we tool most recent 
decision. At that place, we will explore other opportunities to go to different path, if 
available. If there are no option available, we go back further. We go back till the time 
we find alternate path to be followed or at the start. If we reach to start without finding 
any path reaching to solution, then there is no solution present, else we would have 
found it following one of the paths. 

Backtracking is depth first traversal of path in graph where nodes are states of the 
solution and edge are between two states of solution only if one state can be reached 
from another state. 
Only difference between brute force algorithm and backtracking algorithm is that 
backtracking discards partial solution as soon as possible without following them till 
end. 

Backtrack approach 

It requires less than n trials to determine solution of the entire problem with n variables. 
It form a solution (partial vector) one component at a time, and check at every step if 
this has any chance of success. 
If the solution at any point seems not reaching to end, algorithm ignores it and hence 
reduces the computation of futile attempts. If the partial vector (x1, x2, . . . , xi) does not 
yield an optimal solution, ignore Xi+1 · · · Xn possible test vectors even without looking 
at them. 

https://en.wikipedia.org/wiki/Metaheuristic
https://en.wikipedia.org/wiki/Derrick_Henry_Lehmer
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Typical examples of backtracking are : N queen problem, Sudoku, Knight problem, 
crosswords. 

In the post below, we will discuss N queen problem using backtracking. 
What we need to do is that start with the first queen at the bottom left position and 
check all other queens can be place satisfying the constraints of the game. If at nay point 
we can not go forward, we try to replace the previous queen on next safe location and try 
again. If we are stuck at dead end, then we might need to replace more than one queen 
from their position so that we can move forward. 

Pseudo code for 8 queen problem  

Eight queens problem – Place 

Return true if a queen can be placed in Kth row and ith column 

otherwise false x[] is a global array whose first (k-1) value 

have been set. Abs(x) returns absolute value of r 

1. Algorithm Place(K , i) 

2. { 

3. For j= 1 to k-1 do 

4. If ((x[ j ] = i ) // two in the same column 

5. Or ( Abs ( x [ j ]- i) = Abs ( j- k))) // same diagonal 

6. then return false 



7. Return true 

8. } 

Computing time O(k-1) 

Solution to N-Queens Problem 

 

Using backtracking it prints all possible placements of n 

Queens on a n*n chessboard so that they are not attacking 

1. Algorithm NQueens( K, n) 

2. { 

3. For i= 1 to n do 

4. {if place(K ,i) then 

5. {x[K] :=  i 

6. If (k = n) then //obtained feasible sequence of length n 

7. write (x[1:n]) //print the sequence 

8. Else Nqueens(K+1 ,n) //sequence is less than the length so backtrack 

9.} 

10.} 

11.} 

 

Graph Algorithm 
 

A graph is an abstract notation used to represent the connection between pairs of 

objects. A graph consists of − 

• Vertices − Interconnected objects in a graph are called vertices. Vertices are 

also known as nodes. 

• Edges − Edges are the links that connect the vertices. 

There are two types of graphs − 



• Directed graph − In a directed graph, edges have direction, i.e., edges go 

from one vertex to another. 

• Undirected graph − In an undirected graph, edges have no direction. 

Graph Coloring 

Graph coloring is a method to assign colors to the vertices of a graph so that 

no two adjacent vertices have the same color. Some graph coloring problems 

are − 

• Vertex coloring − A way of coloring the vertices of a graph so that no 

two adjacent vertices share the same color. 

• Edge Coloring − It is the method of assigning a color to each edge so 

that no two adjacent edges have the same color. 

• Face coloring − It assigns a color to each face or region of a planar 

graph so that no two faces that share a common boundary have the 

same color. 

Chromatic Number 

Chromatic number is the minimum number of colors required to color a 

graph. For example, the chromatic number of the following graph is 3. 

 

The concept of graph coloring is applied in preparing timetables, mobile radio 

frequency assignment, Suduku, register allocation, and coloring of maps. 

Steps for graph coloring 

• Set the initial value of each processor in the n-dimensional array to 1. 



• Now to assign a particular color to a vertex, determine whether that color is 

already assigned to the adjacent vertices or not. 

• If a processor detects same color in the adjacent vertices, it sets its value in the 

array to 0. 

• After making n2 comparisons, if any element of the array is 1, then it is a valid 

coloring. 

Pseudocode for graph coloring 

begin 

 

   create the processors P(i0,i1,...in-1) where 0_iv < m, 0 _ v < n 

   status[i0,..in-1] = 1 

  

   for j varies from 0 to n-1 do 

      begin 

   

         for k varies from 0 to n-1 do 

         begin 

            if aj,k=1 and ij=ikthen 

            status[i0,..in-1] =0 

         end 

    

      end 

      ok = Σ Status 

   

   if ok > 0, then display valid coloring exists 

   else 

      display invalid coloring 

       

end 

 

 



Problems 

 

1) What is the chromatic number of the following graph? 

    

 

2) The minimum number of colours required to colour the following graph, such 

that no two adjacent vertices are assigned the 

same color, is 

 

 

3) The minimum number of colours that is sufficient to vertex-colour any planar 

graph is ________. 

 

4) What is the largest integer m such that every simple connected graph with n 

vertices and n edges contains at least m 

different spanning trees ? 

 

 

 

                                          Branch & Bound Unit  V 

 

 



A branch and bound algorithm is an optimization technique to get an optimal 

solution to the problem. It looks for the best solution for a given problem in 

the entire space of the solution. The bounds in the function to be optimized 

are merged with the value of the latest best solution. It allows the algorithm 

to find parts of the solution space completely. 

The purpose of a branch and bound search is to maintain the lowest-cost path 

to a target. Once a solution is found, it can keep improving the solution. 

Branch and bound search is implemented in depth-bounded search and 

depth–first search. 

Traveling salesman problem  

 

The Traveling Salesman Problem, TSP for short, deals with creating the ideal 

path that a salesman would take while traveling between cities. The solution 

to any given TSP would be the cheapest way to visit a finite number of cities, 

visiting each city only once, and then returning to the starting point. We also 

must assume that if there are two cities, city A and city B for example, it costs the 

same amount of money to travel from A to B as it does from B to A. For the most 

part, the solving of a TSP is no longer executed for the intention its name indicates. 

Instead, it is a foundation for studying general methods that are applied to a wide 

range of optimization problems. 

 

Applications 

 

The TSP naturally arises as a sub problem in many transportation and 

logistics applications. 

Scheduling of a machine to drill holes in a circuit board or other object. 

In this case the holes to be drilled are the cities, and the cost of travel is the 

time it takes to move the drill head from one hole to the next. 

 

Optimal Solution for TSP using Branch and Bound 

 



A branch-and-bound algorithm consists of a systematic enumeration of all 

candidate solutions, where large subsets of fruitless candidate s are discarded, by 

using upper and lower estimated bounds of the quantity being optimized. 

The Branch and Bound strategy divides a problem to be solved into a number of 

sub-problems. It is a system for solving a sequence of subproblems each of which 

may have multiple possible solutions and where the solution chosen for one sub-

problem may affect the possible solutions of later sub-problems. Suppose it is 

required to minimize an objective function. Suppose that we have a method for 

getting a lower bound on the cost of any solution among those in the set of 

solutions represented by some subset. If the best solution found so far costs less 

than the lower bound for this subset, we need not explore 

this subset at all. 

Let S be some subset of solutions. 

L(S)=a lower bound on the cost of any solution belonging to S 

Let C=cost of the best solution found so far 

If C _ L(S), there is no need to explore S because it does not contain any better 

solution. 

If C > L(S), then we need to explore S because it may contain a better solution. 

 

Branch and Bound approach Algorithm 

 

function CheckBounds(st,des,cost[n][n]) [3] . Cal. the bounds Global variable: 

cost[N][N] - the cost assignment. 

pencost[0] = t 

for i ← 0,n − 1 do 

for j ← 0,n − 1 do 

reduced[i][j] = cost[i][j] 

end for 

end for for j ← 0,n − 1 do 

reduced[st][j] = ∞ 

end for for i ← 0,n − 1 do 

reduced[i][des] = ∞ 

end for reduced[des][st] = ∞ RowReduction(reduced) 

ColumnReduction(reduced) pencost[des] = pencost[st] + row 

+ col + cost[st][des] return pencost[des] 

end function  



function 

RowMin(cost[n][n],i) min 

= cost[i][0] 

for j ← 0,n − 1 do 

if cost[i][j] < min then 

min = cost[i][j] 

end if 

end for 

return min end 

function 

. Cal. min in the 

row 

function 

ColMin(cost[n][n],i) min 

= cost[0][j] 

for i ← 0,n − 1 do 

if cost[i][j] < min then 

min = cost[i][j] 

end if 

end for 

return min end 

function 

. Cal. min in the col 

function Columnreduction(cost[n][n])                               makes 

column reduction 

col = 0 for j ← 0,n − 1 do 

cmin = columnmin(cost,j) if cmin 6= ∞ 

then 

col = col + cmin 

end if for i ← 0,n − 1 do 

if cost[i][j] 6= ∞ then cost[i][j] = cost[i][j] − 

cmin 

 

 

Evaluation of Algorithm 

 

The following matrix is the Cost Matrix which shows the distance between 

the two cities. 



 

We know that the sum of row minimum gives us the lower bound.Now 

we have to find the reduced matrix by subtracting the minimum element from 

every row.So,row minimum will be 31 

. 

 

In the above reduced matrix there should be a Zero in every row 

and every column.Now apply the column minimum principle which means for a 

particular city I will have come into that city from other city.So,now subtracting the 

column minimum , we get the lower bound 31+1 = 32. 

 

 

 

Now we have to make the assignments Zero’s in the above matrix.If 

we can not make an assignment at that particular Zero we have to go for the next 

highest element in that row.If there is same value,we have to calculate the sum of 

row penalty and column penalty.If the sum of penalties is more then we have to 

make that assignment because we incur an additional cost if we don’t make that 

assignment. 

Now if we don’t have path from 1 to 3 i.e, 

X(13) = 0 



we have an additional cost of 2 and the lower bound becomes 32+2 = 34. 

If we have path from 1 to 3 i.e, 

X(13) = 1 

we eliminate the respective row and column. 

 

We have to check whether every row and every column has a zero otherwise we 

have to subtract the minimum element from every respctive row or column.So,we 

get 

 

Here we made a column reduction for two columns(1 & 5)which gives a lower 

bound of 32+1+1 = 34. 

Again we calculate the penalty for the above matrix. 

 

Now if we don’t have path from 5 to 1 i.e, 

X(51) = 0 

we have an additional cost of 3 and the lower bound becomes 34+3 = 37. 

If we have path from 5 to 1 i.e, 

X(51) = 1 

we eliminate the respective row and column. 



 

Here we a Zero in every row and column.So,the bound remains the same i.e, 

34+0 = 34. 

If we calculate the penalty for the above matrix, 

 

Now if we don’t have path from 3 to 4 i.e, 

X(34) = 0 

we have an additional cost of 2 and the lower bound becomes 34+2 = 36. 

If we have path from 3 to 4 i.e, 

X(34) = 1 

we eliminate the respective row and column. 

 

Here we a Zero in every row and column.So,the bound remains the same i.e, 

34+0 = 34. 

Now we have only two possible assignments with Zero penalty cost which 

would give us a feasible solution. 

X(25) = 1 

X(42) = 1 

On adding all the paths we get, 

X(13) + X(34) + X(42) + X(25) + x(51) = 34 

 

 

Problems 



 

1) 

 

 

Find the total travelling time for david’s tour using the nearest neighbor 

algorithm starting from T. 
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